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Aihara Complexity Modelling Project, ERATO, JST
, ( ) ,
[1, 2, 3, 4, 5], [6] .
$\mathbb{Z}^{d}$- $\{0,1\}$ , Zd-
$\{0,1,2\}$ $\{\eta_{t}\}_{t\geq 0}$ . , Zd- ,
$\{$
: { $(x_{1},$ $\ldots,$ $x_{d})$ : $x_{i}$ }
: $x\sim y\Leftrightarrow|x_{1}-y_{1}|+\cdots+|x_{d}-y_{d}|=1$
. , Zd- –
, [7] .
$(\mathrm{C}\mathrm{P})$ : $x$ 1
$n_{1}(x)$ , $x$ ,
(1) $\{$
$0arrow 1$ $\mathrm{S}8\prime \mathfrak{B}\lambda n_{1}(\ovalbox{\tt\small REJECT}$
$1arrow 0$ $\xi ae\S \mathrm{i}1$




. (2) – SIS , , $0$
, 1 .
(MCP) : $x$ 1
$n_{1}(x)$ , 2 $n_{2}(x)$ , $x$ ,
(3) $\{$
$0arrow 1$ at rate $\lambda_{1n_{1}}(x)$
1-*0 at rate 1
$\{$
$0arrow 2$ at rate $\lambda_{2}n_{2}(x)$
$2arrow 0$ at rate 1





. $\lambda_{1}=\lambda_{2}>\lambda_{c}(\mathrm{C}\mathrm{P})$ , (4) , (3) $d\geq 3$
$d=1,2$ . ,
[6], . $\lambda_{1}\neq\lambda_{2}$
, (4) (3) .
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, .
$(\mathrm{C}\mathrm{P})$ . $x$ ,
$\{D^{x};E^{xy}, y\sim x\}$ . , D 1 , $E^{xy}$ $\lambda$ .
$D^{x}$ , $\eta_{t}(x)=0$ . $t$ $E^{xy}$ , $\eta t-(x)=1$ $\eta t-(y)$
$\eta_{t}(x)=\eta_{t}(y)=1$ . $\eta t-(x)=0$ . $(x, t)\in \mathbb{Z}^{d}\cross[0, \infty)$ I ,
$t$ $D^{x}$ recovery symbol(x) , $E^{xy}$ $x$ $y$ infection arrow$(arrow)$ .
$\{t_{i}\}_{i=0}^{n+1}$ , $t_{0}=s,$ $t_{n+1}=s’$ , $i$ $t_{i}<t_{i+1}$ .
(to, $x_{0},$ $t_{1},$ $x_{1},$ $\ldots,$ $t_{n},$ $x_{n},$ $t_{n+1}$ ) , $(x_{0}, s)$
$(x_{n}, s’)$ active path ( 1):
(i) $i$ , $\{x_{i}\}\cross[t_{i}, t_{i+1}]$ recovery symbol .
(ii) i , xi-l xi infection arrow .
(iii) $i$ , $\eta_{t_{1}-}(x_{i-1})=1$ .
$t$ 1 . , At $=\{x\in \mathbb{Z}^{d} : \eta_{t}(x)=1\}$ .
, $\Lambda_{t}^{A}$ $(A=\{x\in \mathbb{Z}^{d} : \xi(x)=1\}, P(\eta 0\equiv\xi)=1)$ . $\lambda$
, $\Lambda_{\lambda,t}$ . ,
{ $y\in \mathbb{Z}^{d}$ : $x\in A$ , $(x,$ $0)$ $(y,$ $t)$ active path }
$\{\Lambda_{t}^{A}\}_{t\geq 0}$ . , $A,$ $\lambda$ :
(5) $A\subset B\Rightarrow \mathcal{P}(\Lambda_{t}^{A}\subset\Lambda_{t}^{B}, \forall t>0)=1$ , $\lambda\leq\lambda’\Rightarrow \mathcal{P}(\Lambda_{\lambda,t}\subset\Lambda_{\lambda’,t}, \forall t>0)=1$ .
$(\mathrm{C}\mathrm{P})$ . $t$ , infection arrow $t$
$0$ ( )active path . ,
{ $x\in \mathbb{Z}^{d}$ : $y\in B$ , $(y,$ $t)$ $(x,$ $0)$ ( )active path }
$\{\Lambda_{t}^{B}\}_{t\geq 0}$ , $0$ $A$ active path $t$
$B$ , fi $B$ ( )active path
$0$ $A$ , :
(6) $P(\Lambda_{t}^{A}\cap B\neq\emptyset)=P(\Lambda_{t}^{B}\cap A\neq\emptyset)$ $(\forall A, B\subset \mathbb{Z}^{d})$ .
$\Lambda_{\epsilon}=\emptyset$ $\Lambda_{t}=\emptyset(\forall t\geq s)$ , (6) $B=\mathbb{Z}^{d}$ ,
(7) $P( \Lambda_{t}^{A}\neq\emptyset, \forall t\geq 0)=\lim_{tarrow\infty}\mathcal{P}(\Lambda_{t}^{A}\cap \mathbb{Z}^{d}\neq\emptyset)=\lim_{tarrow\infty}P(\Lambda_{t}^{\mathrm{Z}^{d}}\cap A\neq\emptyset)=\overline{\nu}(\{B : B\cap A\neq\emptyset\})$
. , $\Lambda_{t}^{\mathrm{Z}^{d}}$ $\overline{\nu}$ , (5) .
$(\mathrm{C}\mathrm{P})$ . $\lambda_{c}(\lambda_{\mathrm{c}}^{(d)}, \lambda_{c}(\mathrm{C}\mathrm{P})$ ) :
$\lambda\leq\lambda_{c}\Rightarrow P(\Lambda_{\lambda,t}^{\{O\}}\neq\emptyset, \forall t\geq 0)=0$ , $\lambda>\lambda_{c}\Rightarrow P(\Lambda_{\lambda,l}^{\{O\}}\neq\emptyset, \forall t\geq 0)>0$ .
, $\lambda\leq\lambda_{c}$ , $\lambda>\lambda_{c}$
. (2) $1/(2d)$ – ,
$\frac{1}{2d-1}\leq\lambda_{c}^{(d)}\leq\frac{2}{d}$ $(\forall d\geq 1)$ , $\lim_{darrow\infty}2d\lambda_{c}^{(d)}=1$
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.$(\mathrm{C}\mathrm{P})$ . $\delta_{\emptyset}$ $\delta_{\emptyset}(\emptyset)=1$ . $\alpha_{A}=\mathcal{P}(\Lambda_{t}^{A}\neq\emptyset, \forall t\geq 0)$ .
, $A\subset \mathbb{Z}^{d}$ ,
$\Lambda_{t}^{A}\Rightarrow\alpha_{A}\overline{\nu}+(1-\alpha_{A})\delta_{\emptyset}$ ( )
. , $\lambda\leq\lambda_{\mathrm{c}}$ -\nu $=\delta_{\emptyset}$ , $\lambda>\lambda_{c}$ -\nu \neq \mbox{\boldmath $\delta$}\emptyset ( , $\overline{\nu}(\emptyset)=0$ ) .




(8) $P(t<\tau^{A}<\infty)\leq Ce^{-et}$ , $P(\tau^{A}<\infty)\leq Ce^{-\epsilon|A|}$
. , $C$ $\epsilon$ $A$ $t$ .




(9) $\lambda<\lambda_{c}\Rightarrow\tau_{N}\approx\log N$, $\lambda>\lambda_{c}\Rightarrow\tau_{N}\approx\exp(N^{d})$
( [5] ).
, .
(MCP). $x$ , $\{D^{x}; E_{1}^{xy}, E_{2}^{xy}, y\sim x\}$ . , $D^{x}$
1 , $E_{i}^{xy}$ $\lambda_{i}$ . $t$ $D^{x}$ , $\eta_{t}(x)=0$
. $t$ $E_{i}^{xy}$ , $\eta_{t-}(x)=\mathrm{i},$ $\eta_{t-}(y)=0$ $\eta_{t}(x)=\eta_{t}(y)=i$ .
.
, $\lambda=\lambda_{1}=\lambda_{2}$ . , $\lambda\leq\lambda_{\mathrm{c}}(\mathrm{C}\mathrm{P})$
, $0$ , $\lambda>\lambda_{\mathrm{c}}(\mathrm{C}\mathrm{P})$ .
– ($\mathrm{M}\mathrm{C}\mathrm{P}(\lambda_{1}=\lambda_{2}\rangle)$ . $E^{xy}$ } $\mathrm{h}$ $\lambda$ . $E_{1}^{xy}$ $E_{2}^{xy}$ ,
( ){Dx; $E^{xy},$ $y\sim x$ } , $E^{xy}$ , $\eta t-(x)=$
$i$ , -(y) $=0$ I(x) $=\eta_{t}(y)=i$ . 1 2
, $E^{xy}$ , , $\eta_{t-}(x)=1,$ $\eta\iota_{-}(y)=2$ $\eta_{t}(x)=1,$ $\eta_{t}(y)=2$
, active path , $\eta \mathrm{o}(x)=i$ $(x, 0)$
$(y, t)$ active path , $\eta_{t}(y)=i$ . ,
$\eta \mathrm{o}(x)=1,$ $\eta \mathrm{o}(x’)=2$ , $(x, 0)$ $(x’, 0)$ $(y, t)$ active path ,
$\eta_{t}(y)=1$ $\eta_{t}(y)=2$ ? .
$(y, t)$ symbol(x) ( )active path . , $(y, t)$ $(x, 0)$
, ( )arrow , $\{x_{k}\}_{k=1}^{K}$
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. $x_{1},$ $\ldots,$ $x_{K}$ ( 2). , $x_{1}$ - ,
$(t)$ ( $y$ ). $i_{k}\in\{1,2\}$ . $\eta \mathrm{o}(x_{1})=i_{1}$ $\eta_{t}(y)=i_{1}$ ,
$\eta \mathrm{o}(x_{1})=0,$ $\eta \mathrm{o}(x_{2})=i_{2}$ $\eta_{t}(y)=i_{2}$ , $\eta \mathrm{o}(x_{1})=\eta \mathrm{o}(x_{2})=0,$ $\eta \mathrm{o}(x_{3})=i_{3}$ $\eta_{t}(y)=i_{3}$
, . . . , $\eta \mathrm{o}(x_{1})=\cdots=\eta \mathrm{o}(x_{K})=0$ $\eta_{t}(y)=0$ . , $y$ $y’$ –
$f(t)=x$ $\eta \mathrm{o}(x)\neq 0$ , $\eta_{t}(y)=\eta_{t}(y’)$ .
, $(y, 0)$ $(x, t)$ – (t) ,
. , $f(t)$ .
, .
$(\mathrm{M}\mathrm{C}\mathrm{P}(\lambda_{1}=\lambda_{2}))$ . $s$ $s’$ $x$ $y$ – :
(s-)\neq x, $f_{y}(t)=x$ $(\forall t\in[s, s’))$ , (s’) $=x’\neq x$ .
, $s$ $s’$ $D^{x}$ (symbolx ) . ,
$x^{l}$ . $(s, s’]$ $x$ arrow active
path $\mathit{8}^{l}$ , – $x’$
. , $(y, 0)$ (X, $s$ ) active path 8’
active path , – $x’$ .
$(y, 0)$ $\infty$ active path . $T_{0}=0$ . $D^{f(T_{0})}$
$T_{0}’$ $(y=f(T_{0})\neq f(T_{0}’))$ . , $T_{0}’$ , –
$\infty$ active path $T_{1}$ . , $T_{1}=T_{0}’$ .
, $T_{1}$ $D^{f(T_{1})}$ $T_{1}’$ , $T_{1}’$ –
$\infty$ active path . $T_{2}’$ , Ts T3/, . . . ,
$f(T_{i})(i\in \mathrm{N})$ ( 3).
$(\mathrm{M}\mathrm{C}\mathrm{P}(\lambda_{1}=\lambda_{2}))$ . $\Omega_{(y,t)}=$ { $(y,$ $t)$ active path }
, $(y, t)$ \Omega \infty , $()$ $=P(\cdot|\Omega_{\infty})$ . $\lambda>\lambda_{c}$
$P(\Omega_{\infty}\rangle$ $>0$ . $r(t)$
$r(t)=f(T_{i-1})$ , $\forall t\in[T_{i-1},T_{i})$ $(\forall i\in \mathrm{N})$
, ( ) $r(t)$ P\Omega \infty (
) . , : $C$
$\gamma$ ,
(10) $P_{\Omega_{\infty}}(||f(T_{i})-f(T_{i-1})||>u)\leq Ce^{-\gamma u}$ , $P_{\Omega_{\infty}}(T_{i}-T_{i-1}>t)\leq Ce^{-\gamma t}$ $(\forall i\in \mathrm{N})$ .
. $\tau_{i}=T_{i}-T_{i-1}$ , P\Omega \infty $\{\tau_{i}\}_{i\in \mathrm{N}}$ ,




. $T_{0}’<T_{1}$ , $(f(T_{0}’), T_{0}’)$ active path
, $\sigma_{1}$ . , $\sigma_{k}<T_{1}(k\geq 1)$
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, $(f(\sigma_{k}), \sigma_{k})$ active path $\sigma_{k+1}$ .
(To, $T_{1}$ ] – $K$ $(\sigma_{K}=T_{1})$ , (8)
(12) $P(t<\sigma_{k}-\sigma_{k-1}<\infty)\leq Ce^{-\gamma t}$ $(1 \leq\forall k\leq K)$
. , $\sigma_{0}=T_{0}’$ . , $K$ . $\psi(\kappa)=\mathrm{E}\kappa^{K}$ $\phi(\theta)=\mathrm{E}[e^{\theta(\sigma_{1}-\sigma 0)}|$
$K\neq 0]$ , (11) (12)
$\mathrm{E}[e^{\theta\tau_{1}}$ ; $\tau_{1}<\infty]=\mathrm{E}[e^{\theta(\sigma_{0}-T_{0})}$ ; $K=0,$ $\tau_{1}<\infty]+\mathrm{E}[e^{\theta(\sigma_{0}-T_{0})}e^{\theta\Sigma_{k=1}^{K}(\sigma_{k}-\sigma_{k-1})}$; $K\neq 0]$
$\leq\frac{1}{1-\theta}(1+\psi(\phi(\theta)))<\infty$
, $e^{\theta t}P(\Omega_{\infty})P_{\Omega_{\infty}}(\tau_{1}>t)\leq \mathrm{E}[e^{\theta\tau_{1}} ; \tau_{1}<\infty]$ , (10) . –
, .
$(\mathrm{M}\mathrm{C}\mathrm{P}(\lambda_{1}=\lambda_{2}))$ .
$\overline{r}_{x}(t),$ $r_{y}(\sim t)(x\neq y)$ , $r_{x}(t),$ $r_{y}(t)$ . (10) $(t)$ $r_{y}(\sim t)(x\neq$
$y)$ , $d=1,2$ 1 ( ) , $d\geq 3$ .
$r_{x}(t)$ $r_{y}(t)$ , $r_{x}(t)$ $r_{y}(t)$
.
$d=1,2$ . $t$ $r_{x}(t)$ $r_{y}(t)$ , $f_{x}(t)=r_{x}(t)=$
$r_{y}(t)=x^{l}$ , (t) $=r_{y}(t)$ , $(x’, t)$ $\infty$ active path
, $f_{x}(s)=$ $(s)$ $(\forall s\geq t)$ . $-$ , $(t)=r_{y}(t)$ .
(10) , $[t, t+1]$ $D^{x’},$ $E^{x’z}$ ($\forall z$ $x$ ) , $t’\in(t, t+1]$
(t’) $=x’$ , $(x’, t)$ – .
$(s)=$ $(s)(\forall s\geq t’)$ , $r_{x}(t)$ $r_{y}(t)$ 1
, $f_{x}=f_{y}$ ( 4). , $x$ $y$ 1 .
$.d$ $\text{ _{}\circ C}^{3k\text{ }}.\cdot$
, x . yrx , $f_{x}\neq$
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